Abstract A discrete damage zone model is developed to describe the mode-mix ratio and temperature dependent delamination of laminated composite materials under high cycle fatigue loading within the framework of the finite element method. In this approach, discrete nonlinear spring elements are placed at the finite element nodes of the laminate interface, and a combination of static and fatigue damage growth laws is used to define its constitutive behavior. The model is implemented in the commercial software Abaqus using the user element subroutine. The static damage model parameters are estimated from fracture mechanics principles, whereas the fatigue damage model parameters are calibrated by fitting the numerical results to published experimental data. A quadratic relation is proposed to describe the non-monotonic variation of fatigue damage model parameters with mode-mix ratio. Next, an Arrhenius relation is proposed for the temper- ature dependence of fatigue damage, in addition to the incorporation of the temperature dependence of critical fracture energy. The model is convergent upon mesh refinement; however, for accurate prediction the mesh size used for model calibration should be sufficiently small. The model predicted fatigue crack growth rates are in agreement with those obtained from a quadratic relation for the Paris law parameters for variable mode mix conditions, thus verifying the approach. While the model captures the temperature effects on delamination for mode I and 50 % mode II, our prediction deviates from experiments for pure mode II, since the corresponding damage mechanism entirely changes with temperature.
Introduction
Laminated composite materials are widely used in aerospace structural applications requiring low weight and high mechanical performance. In these laminated composites, delamination (i.e. separation of layers or plies) and debonding (i.e. failure of adhesive bond-lines) are the two most dominant failure modes (Mi et al. 1998; Blackman et al. 1991) . Since delamination occurs at relatively low loads under cyclic loading, mechanical fatigue is the most common cause of delamination failure in composite structures. Typ-ically, delamination in structural components during service develops or grows under varying mixed mode and temperature conditions due to the multi-axial cyclic loading, curved structural geometry, different lamina ply orientation, and dynamic environmental changes (Sjogren and Asp 2002; Blanco et al. 2004 ). Therefore, it is important that the computational techniques used for predicting fatigue delamination are able to efficiently capture the dependence of crack growth rates on the mode-mix ratio and temperature. To this end, we present a discrete damage zone model, which belongs to the class of discrete cohesive zone models, and its finite element implementation.
When material nonlinearities are negligible and the size of the fracture process zone at the crack tip is small, linear elastic fracture mechanics (LEFM) presents a convenient way for modeling delamination (Blackman et al. 1991 (Blackman et al. , 2003a Nilsson et al. 2001; Skallerud and Zhang 1997) . Analysis of fatigue-driven delamination using LEFM involves relating the fatigue crack growth rate with the amplitude of the fracture energy release rate and mode mix ratio using the Paris law (Paris et al. 1961; Paris and Erdogan 1963) . However, LEFM is more suitable for brittle materials wherein the size of the fracture process zone at the crack tip is negligible, rather than for quasi-brittle, ductile or some composite materials wherein the size of the fracture is significant (Bazant 1999 ). An alternative approach is based on the cohesive zone model (CZM) (Hillerborg et al. 1976; Xu and Needleman 1994) that assumes a bounded stress within the cohesive zone, as originally proposed by Barenblatt (1962) and Dugdale (1960) . In this approach, special elements known as cohesive interface elements are placed along potential crack paths (e.g. laminate interfaces), usually, within a finite element model. Then, cohesive laws or tractionseparation laws are defined to prescribe the constitutive behavior of the continuum interface element placed along the finite element edges. There exists a great variety in traction-separation laws (e.g. bilinear, exponential, polynomial etc.), but broadly they all describe the same global load-displacement behavior (Chandra et al. 2002) . The discrete implementation of the CZM involves placing spring elements at the interface finite elements nodes, rather than at finite element edges like in the continuum implementation (Cui and Wisnom 1993; Liu et al. 2012) . The discrete approach has been found to avoid computational issues that lead to convergence and mesh sensitivity (Cui and Wisnom 1993; . However, the approach of placing discrete elements between the interface nodes could give a similar discretized system of equations compared to that given by the Newton-Cotes integration scheme in continuum elements, but the stress distribution along the interface would be different (Do et al. 2013 ). In addition employing spring-type elements also avoids convergence issues related with large deformations and associated element distortion, which continuum elements may exhibit. Due to the simplicity of the approach and its compatibility with finite element analysis, the CZM is a popular method for investigating fracture and delamination. However, most CZMs (both continuum and discrete) considered reversible elastic behavior of the interface and investigated delamination, debonding and crack growth under monotonic quasi-static loading (Schellenkens and de Borst 1993; Alfano and Crisfield 2001; Camanho et al. 2003; Mi et al. 1998; Park et al. 2009; Xu and Needleman 1994; van den Bosch et al. 2006; Robinson et al. 2000; Li and Ghosh 2006; Alfano et al. 2009; Blackman et al. 2003b; Goyal et al. 2008; Liljedahl et al. 2006; Yang and Ravi-Chandar 1998) . Alfano and Crisfield (2001) have shown that CZMs can be recast within the more general damage mechanics framework. Consequently, cohesive laws can be augmented with damage models and this allows one to model delamination or subcritical crack growth under non-monotonic and cyclic fatigue loading, within the irreversible damage mechanics framework. There exist several models that extend the CZMs for monotonic loading into forms suitable for cyclic loading by introducing a damage variable to incorporate irreversibility. In an early model de Andres et al. (1999) attempted to apply a cohesive law wherein a damage parameter for the cohesive zone material was explicitly adjusted with increasing number of loading cycles. Yang et al. (2001) developed a cohesive law that describes separately the unloading and reloading processes and creates a hysteresis loop between unloading and reloading paths. Later, Roe and Siegmund (2003) , Siegmund (2004) developed fatigue crack growth by incorporating a damage evolution equation for cyclic loading using the effective stress concept. Other approaches detailed in Nguyen et al. (2001) and Goyal et al. (2004) , also incorporated irreversible behavior into their cohesive formulations for cyclic loading; however, in all these formulations damage accumulation was calcu-lated using cycle-by-cycle analysis, and so they are only suitable for low cycle fatigue analysis.
For high-cycle fatigue, tracking the damage variable in time during each individual cycle would be computationally expensive. Instead, it would be more efficient to formulate fatigue damage growth relations in cycle-based format by assuming the damage increment per cycle to be very small (Paas et al. 1993; Peerlings et al. 2000) . With this idea in mind, Robinson et al. (2005) , Munoz et al. (2006) extended the bilinear cohesive law for the continuum interface element by incorporating the Peerlings law for fatigue damage (Peerlings et al. 2000) . Later, Turon et al. (2007) proposed a new damage model for the delamination in composites under high-cycle fatigue by relating the damage evolution rate dD/dN to the crack propagation rate da/dN given by the Paris law. Recently, Harper and Hallet (2010) presented a new fatigue damage formulation that preserves the direct link with linear elastic fracture mechanics and detailed the extraction of strain energy release rate from the cohesive zone. More recently, Landry and LaPlante (2012) developed a new model for progressive delamination in composite structures subjected to mode I fatigue loading of varying amplitudes. In all these models for high-cycle fatigue, a separate damage variable is introduced into a continuum cohesive zone model given by a bilinear traction separation law. However, one can derive the tractionseparation law using a suitable damage growth law and, thus, model interlaminar degradation due to static and fatigue damage components in a more unified and efficient way. This is the idea behind the discrete damage zone model (Liu et al. 2012) , wherein the interface constitutive (force-separation) law was derived assuming that the interface degraded according to Mazar's exponential damage law (Mazars 1986) . Since the fracture process zone behind the delaminated material is interpreted as a damage zone, rather than a cohesive zone, it is appropriate to call it the discrete damage zone model (DDZM). Recently, DDZM has also been implemented within the extended finite element method (Wang and Waisman 2014) . This avoids the need for meshes conforming to the discontinuities and adaptive remeshing during the growth of discontinuities.
In this article, we extend the DDZM for the mixed mode fatigue delamination analysis of laminated composites within the framework of the finite element method. The proposed cohesive element is a discrete nonlinear spring placed at the finite element nodes of the laminate interface (Liu et al. 2012) . Since the constitutive law governing the discrete interface element's behavior is derived entirely from the perspective of damage mechanics it can naturally account for the permanent reduction in material strength and stiffness when the material is loaded beyond the elastic limit (irreversibility of damage). The model has been implemented in the commercial finite element analysis software Abaqus via the user defined subroutine UEL. The unique features of the proposed DDZM for fatigue delamination are: (1) the application of discrete elements as opposed to continuum interface elements; (2) the description of interface damage growth as a function of interface separation directly from the continuum damage models of Mazars (1986) and Peerlings et al. (2000) ; (3) the incorporation of mode-mix ratio and temperature dependence of fatigue damage parameters; and (4) the lack of pathological mesh dependence of the approach with refinement. The remainder of this paper is organized as follows: In Sect. 2 the formulation of the DDZM for high-cycle fatigue is discussed; in Sect. 3 the numerical implementation and the time integration scheme are described; in Sect. 4 the numerical results of mode I, mode II and mixed mode delamination analysis are presented and the respective mesh convergence behavior is investigated. Additionally, model calibration and validation is discussed for varying mode-mix conditions at room temperature of 20 • C and at an elevated temperature of 100 • C. Finally, some concluding remarks are given in Sect. 5.
Discrete damage zone model (DDZM) formulation
In the DDZM, the interface element is a two dimensional spring-like element that connects the interface finite element nodes (not the finite element edges) and resists both displacement along and perpendicular to its axis. Because of its discrete form, the DDZM spring element behavior involves the force in the spring and the extension of the spring, the latter being equal to interface separation as the initial length of the spring is taken to be zero. The cohesive stress can now be obtained by dividing the force in the spring element by its corresponding area of support; thus, the cohesive stress is approximated to be constant over the nodal area of support. For example, for a structured 2D finite element mesh, the relationship between spring force F and interfacial cohesive stress σ can be simply written as F = σ h, where h is the characteristic element size, assuming the out-of-plane dimension to be unity. In this section, we will first review the interface element's constitutive law for monotonic loading (Liu et al. 2012) and then extend it for high-cycle fatigue loading.
Discrete element constitutive law for monotonic loading
The force-separation relationship for the discrete spring element is derived from the continuum damage evolution law governing the material behavior under monotonic loading (see Fig. 1 ). Let δ denote the interface separation and F denote the force in the spring for any general mixed-mode loading scenario. Superscripts "cr" and "max" denote critical and maximum values, respectively. The elastic regime is defined by the region δ ∈ [0, δ cr ) and the softening (damage) regime is given by δ ∈ [δ cr , δ max ]. The irreversibility of damage implies that beyond the elastic regime (i.e. at any point δ * > δ cr when the damage in the spring is
, if the spring is unloaded and then reloaded it will behave as a linear spring with reduced stiffness,
until it begins to damage further. This irreversible constitutive behavior is depicted in Fig. 1a , wherein the blue arrows show the initial loading and unloading paths and the red arrows show the reloading path. During unloading and reloading when δ ≤ δ * the damage remains constant (D s = D * s ) as indicated by the horizontal arrows in Fig. 1b . The relationship between the force in the spring, F * , and the interface separation δ * is given by,
where K 0 is initial or undamaged stiffness of the spring and the critical or maximum force sustained by the spring without any damage F cr = K 0 δ cr . To obtain the F − δ relationship one needs to introduce a suitable damage evolution law into the above Eq. (1). By choosing a different damage law one can define a unique, material-specific interface constitutive or cohesive law. Herein, we consider an interface damage law, which is functionally similar to the continuum damage law proposed by Mazars (1986) for brittle materials, given by,
where D s denotes static damage occurring at the interface under monotonic loading. Introducing the above Eq. (2) for damage into the force-separation relation (1), we get,
It turns out that the exponentially softening portion (δ ≥ δ cr ) of the above force-separation law is functionally similar to the normal traction-separation law (mode I) proposed by Xu and Needleman (1994) . There are three static damage model parameters that need to be identified under monotonic loading: (1) the critical separation for damage initiation, δ cr ; (2) the initial or Under cyclic loading, fatigue-driven delamination or fracture is experimentally observed to consist of three stages: initiation, stable growth and failure. In the stable crack growth regime, the crack or delamination front propagates by a small amount per loading cycle and the log-log plot of the crack growth rate per cycle versus the amplitude of the fracture energy release rate is typically linear, known as the Paris law (Paris et al. 1961; Paris and Erdogan 1963) . It is important to note that as the fatigue damage component grows and once the interfacial separation reaches the critical value, δ cr , static damage also inevitably increases and interacts with the fatigue damage. Therefore, interface damage is a combination of both static damage and fatigue damage. In fact, scanning electron micrographs of fracture surfaces showed no significant difference between static and fatigue delamination, from which Asp et al. (2001) deduced the failure mechanisms to be the same in static and fatigue loading. Hence, it is reasonable to assume an additive split of the damage rate as (Payan and Hochard 2002; Robinson et al. 2005) ,
whereḊ represents the total damage rate in the discrete spring element. By differentiating Eq. (2) with respect to time, the static damage rateḊ s is obtained as,
Based on the continuum damage model proposed by Peerlings et al. (2000) for high-cycle fatigue, we write a fatigue damage rate in terms of the interface separation rateδ as,Ḋ
where C, β and λ are fatigue damage model parameters; δ f is an interface separation (normalizing) constant introduced solely for dimensional reasons (Robinson et al. 2005) ; and G threshold is a strain energy release rate threshold for fatigue damage initiation. Notice that there are four fatigue damage model parameters that need to be identified under cyclic loading: (1) fatigue damage coefficient, C; (2) fatigue damage exponent, β; (3) damage magnification coefficient, λ; (4) and strain energy release rate threshold, G threshold . The parameters C and β are purely phenomenological and are determined from the Paris plots of experimental data which is detailed in Sect. 4. The parameter λ is a chosen constant, which accounts for dependence of damage rate on the current state of damage. Experiments conducted by Asp et al. (2001) report different values of G threshold for mode I, mode II, and 50 % mode II failure. However, in all the numerical examples considered G is greater than G threshold , so the fatigue crack grows with loading cycles. Following the approach described in the previous section, the constitutive (F − δ) relation between the force in the discrete spring element, F, and the interfacial separation, δ, under cyclic loading at time t is given by,
In order to obtain the total damage at a given time t = t (N + N ) we can incrementally integrate Eq. (4) in time as,
However, in the case of high-cycle fatigue loading composed of well-defined discrete cycles, it is computationally efficient to express the damage growth rate as a number of cycles N as,
Thus, for high-cycle fatigue, the number of cycles, N , is usually considered to be a continuous, time-like vari- Peerlings et al. (2000) .
Next, let us plot the constitutive (F − δ) behavior of a single discrete element by assuming an actual loading history, wherein the load fluctuations are idealized as sinusoidal as shown in Fig. 2 . For the sake of computational efficiency, the applied numerical load is increased linearly to the maximum value F a < F cr (load amplitude) and then kept constant, as given by the blue solid line in Fig. 2 . The F − δ law follows the path indicated by the solid red line in Fig. 3a under cyclic loading. Since F a = F for equilibrium, F linearly increases and then remains a constant as fatigue damage evolves with the number of loading cycles. Once the separation δ = δ cr static damage initiates and grows rapidly leading to the failure of the spring element. Because this is a force-controlled experiment the failure is abrupt and one cannot capture softening behavior. Thus, the spring fails even when the load amplitude F a is less than the critical force F cr due to fatigue (subcritical failure). The total damage versus the separation (D − δ) under fatigue loading is given by the solid red line in Fig. 3b and the curves corresponding to the static and fatigue damage components are indicated by the green and blue dashed lines. As expected, in the initial stages when δ < δ cr we see that D = D f and D s = 0, and for δ > δ cr we see that D s grows rapidly until element failure.
Remark 1
The current DDZM describes damage evolution using Mazars (1986) law, assuming linear secant behavior during unloading and reloading, as shown in Fig. 1a . For high-cycle fatigue, since individual loading cycles are not analyzed and damage accumulates over several cycles, this assumption of a linear secant behavior is not an issue. For low-cycle fatigue, however, Pettersson et al. (2006) report that friction-like processes (sliding, viscosity) contribute to irreversible strains during cycle-by-cycle shear loading experi-ments, leading to non-secant behavior. The damage mechanics framework employed in the DDZM provides the flexibility to incorporate such non-secant (plastic) unloading behavior.
Remark 2 In a general case scenario, one needs to specify the stress ratio associated with the fatigue loading history (Walker 1970) . The stress ratio, R F , may be defined in the current model as the ratio of the minimum to maximum forces in the spring, that is, R F = F min /F max . In this study, we only consider a particular case when R F = 0, that is, F min = 0, as shown in Fig. 2a ; however, positive R F effects can be incorporated by defining a corrected strain energy release rate G * = (1 − R 2 F )G C instead of G C in the mixed mode equations (Kawashita and Hallett 2012).
Temperature dependence of damage rate
Experiments of Asp (1998) indicate that the rate of deterioration of the laminate interface depends on the environmental conditions such as temperature and humidity. In this article, we only restrict our attention to the temperature dependence of damage rate under mechanical fatigue. Sjogren and Asp (2002) reported that at an elevated temperature of 100 • C fracture behavior changed during static and fatigue delamination tests, implying that both static and fatigue damage model parameters are temperature dependent. Herein, we assume only the static damage coefficient B and fatigue damage coefficient C to be temperature dependent. The parameter B(T ) at temperature, T , is directly determined using a temperature dependent fracture energy criterion, as detailed in Sect. 3.2. The parameter C(T ) is calculated by assuming that temperature dependence of fatigue damage rate follows the Arrhenius relation,
where Q is the damage activation energy, R is the universal gas constant (which is equal to the Botlzmann's constant) andḊ f (T rm ) is the fatigue damage rate component at room temperature T rm = 20 • C. Substituting the expression forḊ f from Eq. (6) on both sides of Eq.
(10) and assuming that only C is temperature dependent, we arrive at the following relation,
The calibration of the damage activation energy Q from experimental data is detailed in Sect. 4.4.
Remark 3 For metals and alloys, under mechanical fatigue at elevated temperatures there exist several degradation mechanisms, namely, oxidation, creep and microstructure evolution of grain size, which are observed to be temperature dependent. Neu and Sehitoglu (1989) proposed the Arrhenius relation for incorporating the temperature dependence of oxidation and creep damage mechanisms for low cycle thermomechanical fatigue of steel alloys. For carbon fiber epoxy composites, under high cycle fatigue, the temperature dependent damage mechanisms have not been well reported in the literature. Therefore, we can only hypothesize that the increase in damage (crack growth) rate at elevated temperatures, due to enhanced degradation of the epoxy resin at the carbon fiber interface, follows the Arrhenius relation.
Numerical implementation

Kinematics
The discrete damage zone model is implemented in the commercial finite element analysis software Abaqus. The continuum bulk elements are defined as bilinear (4 noded) quadrilateral elements and the discrete spring elements are defined via the user defined element subroutine UEL. The element definition and node numbering for a typical spring element is shown in Fig. 4 . Since the spring elements are initially inactive, their initial lengths are set to zero. The displacement degrees of freedom (DOFs) at nodes A and B are given by,
where (x, y) denotes the global Cartesian coordinate directions. Thus, the vector of displacement of the discrete spring element is, The vector displacement in local coordinates (x , y ) can be given in terms of the global displacement vector as,
where R is the anticlockwise rotation matrix that is a function of the inclination θ of the spring element given by,
The normal and tangential (or shear) separations in the discrete interface elements are given by,
where the Macaulay brackets have been employed in (16) and are defined as X = X when X ≥ 0 and X = 0 when X < 0.
Remark 4
The initial lengths of the discrete interface elements are set to zero because the delamination interface is still intact. Negative normal separations of the spring means overlap or interpenetration of laminate layers, which is not physical; however, numerical errors in the calculations can sometimes lead to small negative values of δ n . Therefore, it is important to define δ n as the normal crack opening displacement in Eq. (16) using Macaulay brackets, so that it is always positive.
Mixed mode criteria
In real composite components, fatigue delamination rarely develops under a constant propagation mode such as pure mode I or pure mode II. Instead, delamination develops under a changing mode-mix ratio, generally, involving both mode I and mode II displacements. In order to simulate the intricate mixed mode failure under fatigue loading, an equivalent displacement parameter is usually defined (Robinson et al. 2005; Qiu et al. 2001; Alfano and Crisfield 2001; Jiang et al. 2007 ). Herein, for the general mixed mode loading we define the equivalent separation as,
Clearly, δ e is equal to δ n and δ t under pure mode I and mode II, respectively. Next, we prescribe the damage initiation criterion under mixed mode by computing an equivalent critical separation δ cr e using the critical separations under pure mode I and mode II denoted δ cr n and δ cr t , respectively. Jiang et al. (2007) 
where cos I = δ n /δ e and cos II = δ t /δ e . The potential energy stored in a spring element for mixed mode loading is given by,
where K n and K t are the damaged axial (normal) stiffness and transverse (tangential) stiffness, respectively, given by,
and a "0" in the superscript denotes the initial or undamaged stiffness. Herein, we take K 0 n = K 0 t = 20, 000 * h N/mm, where h is the characteristic size of the structured mesh, so that artificial stiffness reduction is less than 15 %, and convergence is not affected. Using the linear elastic fracture mechanics (LEFM) principle that the maximum force in the spring corresponds to the critical separation and cohesive strength, we calculate the critical separations under mode I and mode II as,
Thus, δ cr n and δ cr t are not independent model parameters and depend on the cohesive strengths and initial stiffnesses (Table 1) .
Remark 5 In Eq. (21) we assume isotropic damage, so a single scalar internal variable D is used to describe the degraded interface element stiffness in both normal and tangential directions. It is possible to consider anisotropic damage by defining two separate damage variables, D n and D t in each direction; however, one has to define a mixed mode interaction relationship to ensure that when D n = 1 then D t = 1 since the interface has completely decohered (Liu et al. 2012) . The reader may also refer to the recent paper by Wang and Waisman (2014) for such a modified mixed-mode failure criterion.
Next, considering the LEFM principle that the area under the force-separation curve of the discrete element corresponds to the fracture energy, we get,
where the critical fracture energy G C under mixed mode is defined as (Blanco et al. 2004) , 
the mode mix ratio is defined as,
so that for pure mode I fracture = 0, and for pure mode II fracture = 1. By solving Eq. (23) we can obtain the static damage coefficient B(T ) as a function of the mode mix ratio at temperature, T . Note that the temperature dependent coefficients of the quadratic fit in Eq. (24), namely, g 0 , g 1 , g 2 are calculated by using the values of Table 2 . Just like G C , the phenomenological fatigue parameters C and β are also dependent on the mode mix ratio, so we propose a quadratic relation for any real number ∈ [0, 1] as,
The calibration of the coefficients for the quadratic fit for C and β is discussed in Sect. 4.
Damage evolution over loading cycles
When dealing with high-cycle fatigue loading, it is computationally efficient to describe the damage evolution law in terms of number of loading cycles N , as given by Eq. (9). Let us now define the increment in damage D between loading cycles,
In the above equation, the increment of static damage component is given by,
where δ e (N + N ) and δ e (N ) represent the interface separations (or extensions in the discrete spring element) at time t (N + N ) and t (N ), respectively. Evaluating the fatigue damage increment D f is a bit more involved sinceḊ f is a function of the total damage D. Starting with Eq. (6) in the time-rate form and following the procedure detailed in Robinson et al. (2005) we can obtain cycle-rate form,
where δ f is taken as a constant for all mode-mix ratios. Assuming that ∂ D f ∂ N does not change rapidly with the number of loading cycles N , we can extrapolate the increment of fatigue damage component for a fixed increment of loading cycles N as,
Now, assuming D is a continuous function in the open interval between N and N + N , there exists a μ ∈ [0, 1] (according to the first mean value theorem for integrals) such that,
where D μ and δ μ are given as,
If μ = 0, then we get an explicit scheme and for nonzero values of μ the scheme becomes implicit, so we perform nonlinear iterations using the NewtonRaphson method, as detailed in Algorithm 1. We found that choosing a value of μ = 0.5 (trapezoidal rule) was optimal based on a 'one element' convergence test (not shown here).
Algorithm 1 : Newton-Raphson method for implicit damage evaluation
Let us assume all the variables are known at step t (N ) and we proceed to compute the variables at step t (N + N ),
(1) Initialize the damage variable k D and the residual kr at iter-
(2) Evaluate the increment in static damage increment
(ii) Compute the residual and the corresponding Jacobian
(iii) Update the damage and iteration counter
(4) Finally, after convergence, update the damage variable at
Abaqus UEL algorithm
In order to define the discrete element via the UEL subroutine in Abaqus, we need to define the element stiffness matrix, K (AMATRX), and the residual force vector, r (RHS), in global coordinates. The element residual force vector is given by,
The equilibrium of the discrete interfacial element requires that, r 1 = −r 3 and r 2 = −r 4 . The corresponding element stiffness matrix in the global coordinates is given by,
Note that we approximate the element stiffness matrix with the secant stiffness since it is always non-negative unlike the tangent stiffness which is negative for the softening regime. The detailed Abaqus user element (UEL) algorithm for the mixed mode implementation is given in Algorithm 2.
Numerical examples
In this section, we first calibrate the fatigue damage model parameters by comparing our numerical results with the Paris law fit of published experimental data from the double cantilever beam (DCB) test, the end notch fracture (ENF) test and the mixed mode bending (MMB) test . We also examine the mesh convergence behavior for high-cycle fatigue loading under different mode-mix conditions. Next, we use the calibrated model to simulate delamination under two different mode-mix ratios and verify our model predictions with those given in Blanco et al. (2004) . For the sake of fatigue delamination analysis we consider a carbon fiber/epoxy composite HTA/6376C and the bulk and interface material properties are given in Table 3 (Juntti et al. 1999) . In this article, only proportional loading is considered wherein the mode ratio is held constant during the entire loading time. (N + N ) , by default.
(1) Compute both the normal, shear separations and equivalent separation in mixed mode (4) Compute the degraded stiffness and update the stiffness matrix 
Mode I fatigue: double cantilever beam (DCB) test
The setup of the double cantilever beam fatigue test is shown in Fig. 5 . A fixed boundary condition is applied at the right end of the beam. The specimen arms at the left end are loaded with opposing loads P in order to initiate pure Mode I delamination. The corresponding fracture energy release rate G I is related to the applied load P as (Reeder and Crews 1990; Williams 1988) ,
where W is the width of the beam set perpendicular to its plane taken to be 1 mm, E x x is the Young's modulus in the global x−direction and I is the second moment inertia of each specimen arm whose thickness is half Table 3 Material properties for carbon fibre/epoxy composite (Blanco et al. 2004; Asp et al. 2001; Harper and Hallet 2010) Material that of the beam. The simulation is load controlled, wherein the loading is increased linearly from zero to the maximum value (or amplitude) and then held constant, as indicated by the solid blue line in Fig. 2 . As pointed out in Sect. 3.3, for high-cycle fatigue we calculate damage accumulation over a fixed number of cycles rather than calculating over each cycle. Therefore, the load is held constant at the maximum value and the fatigue damage is updated as given in Algorithm 2. Remark 6 Since we apply a constant load P to the specimen arms in the current DCB test, the bending moment in the beam M increases linearly and the energy release rate G I increases quadratically with crack length a 0 . Therefore, the crack growth rate is not a constant and the crack length increases rapidly with number of cycles in Fig. 6b . Alternatively, one may apply a constant moment M to the specimen arms, rather than a load P, and with this type of loading the energy release rate at the delamination front is independent of crack length and so the crack growth rate will be a constant (Robinson et al. 2005 ). We employ a uniform structured mesh with 4 noded plane stress quadrilateral elements (CPS4 in Abaqus) with the discrete elements placed at the finite element nodes. For accurate numerical analysis, the maximum length of a cohesive element l el,max for mode I is (Harper and Hallet 2008) ,
In the above expression, the parameter E I is given by Harper and Hallet (2008) ,
where
and b 55 = 1/G xz . For the carbon fiber/epoxy composite HTA/6376C, the maximum cohesive element length l el,max for mode I failure is 0.079 mm, as given by Eq. (39). To satisfy this condition, we choose the mesh size h = 0.075 mm so that discrete interface elements (springs) are spaced apart by 0.075 mm. To demonstrate the convergence of DDZM results upon mesh refinement, we also evaluate smaller mesh sizes h = 0.0625 mm and h = 0.03125 mm. Finally, we consider a large mesh size h = 0.125 mm to show that DDZM results tend to diverge if the mesh is too coarse. To calibrate the fatigue parameters for the carbon/epoxy composite we perform simulations for different values of P and plot the crack growth rate, da/d N , versus the energy release rate ratio, G I /G IC , using a log-log scale in Fig. 6a . The parameters are calibrated by comparing with the least squares best fit line (Blanco et al. 2004 ) of the experimental data of Asp et al. (2001) . The fatigue parameters chosen for Mode I delamination are given in Table 4 . This Paris plot demonstrates the mesh independence of the DDZM results so long as the mesh size is not too coarse (i.e. h ≤ 0.075 mm). Next, for a particular value of applied load P (G I /G IC = 0.4), we plot the crack length versus the number of loading cycles in Fig. 6b . This plot demonstrates that all three meshes predict the same initial crack growth rate (initial slope of the curves); however, as the crack length a increases with the number of cycles the predictions deviate. This is a consequence of applying the load P, wherein as crack length a increases the moment at the crack tip increases and small errors in crack length can be magnified over time. The differences in crack length predictions when a moment M is applied, rather than a load P, will be much less pronounced (see Remark 6).
Mode II fatigue: end notch fracture (ENF) test
The setup of the end notch fracture test is shown in Fig. 7 . The beam is simply supported at both ends and two loads of magnitude P are applied symmetrically. The corresponding fracture energy release rate G II is related to the applied load P as (Reeder and Crews 1990; Williams 1988; Robinson et al. 2005) ,
where c is the distance between the applied concentrated load to the end of the beam shown in Fig. 7 . The simulation is load controlled and the load is increased linearly from zero to the maximum value (amplitude) and then held constant. In order to avoid the continuum finite elements from overlapping during the simulation of the ENF test a contact surface is defined along the expected delamination path.
Remark 7
In the four point ENF test, the bending moment, M, in the beam between the two loads is a constant for a given load P and so the energy release rate at the delamination front is independent of the crack length. Therefore, the crack growth rate is a constant and the crack length increases linearly with number of cycles in Fig. 8b .
For the carbon fiber/epoxy composite HTA/6376C, the maximum cohesive element length for mode II failure is 0.42 mm, as given by a mode II equivalent of Eq. (39) (the reader is referred to (Harper and Hallet 2008) for greater detail). To satisfy this condition, we choose the mesh size h = 0.3125 mm so that discrete interface elements (springs) are spaced apart by 0.3125 mm. To demonstrate the convergence of DDZM results upon mesh refinement, we also evaluate smaller mesh sizes h = 0.0625 mm and h = 0.03125 mm. Finally, we consider a large mesh size h = 0.5 mm to show that DDZM results tend to diverge if the mesh is too coarse.
To calibrate the Mode II fatigue parameters, we perform simulations for different values of P and plot the crack growth rate, da/d N , versus the energy release rate ratio, G II /G IIC , using a log-log scale as shown in Fig. 8a . The parameters are calibrated by comparing with the least squares best fit line (Blanco et al. 2004 ) of the experimental data of Asp et al. (2001) . The fatigue parameters chosen for Mode II delamination are given Table 4 . This Paris plot demonstrates the mesh independence of the DDZM results so long as the mesh size is not too coarse (i.e. h ≤ 0.3125 mm). Next, for a particular value of applied load P (G II /G IIC = 0.3), we plot the crack length versus the number of loading cycles in Fig. 8b . This plot demonstrates that all three meshes predict the same initial crack growth rate (initial slope of the curves); however, the predicted crack length a is different, which is on the order of the mesh size differences. Since the moment at the crack tip is a constant during the ENF test (see Remark 7), the errors in crack length do not get magnified over time and the crack growth is linear with time (or cycles).
Mixed mode fatigue: mixed mode bending (MMB) test
The standard mixed mode bending test was first suggested by Reeder and Crews (1990) . The set up of the mixed mode bending test is shown in Fig. 9 . Fixed boundary condition is applied at the right end of the beam. Loads are applied at the left end and the ratio ρ defines a function that controls the mode mix ratio . Actually, the moment M is a resultant of an applied load P at the left end of the beam and so M = Pa 0 . Following the definition of mode mix ratio in Eq. (26), the ratio between the lower and upper moments applied Mode II Fig. 10 The curve of applied load ratio ρ versus mixed mode ratio is given as (see Appendix 1 for a detailed derivation),
The above relationship between the applied moment ratio ρ and is shown in Fig. 10 . When ρ = −1 we get the exact configuration of the DCB test and when ρ = 1 we have a cantilever beam under uniform bending moment yielding a similar stress state as the ENF test. The total energy release rate G is the sum of the energy release rates in the normal and shear modes, that is (Reeder and Crews 1990 )
where,
Remark 8 Note that in the MMB test, if we apply a constant load M to the specimen arms instead of a load P, then the moment in the beam will be a constant and independent of the crack length a 0 . Therefore, the energy release rate at the delamination front will be independent of crack length and the crack growth rate will be a constant with number of cycles. The Paris plots are the same for an applied moment or load since the initial crack length a 0 is much larger than the increase in crack length a for a small number of cycles N . So, the increase in crack length does not affect calculations of the crack growth rate da/d N ≈ a/ N .
For the carbon fiber/epoxy composite HTA/6376C, the maximum cohesive element length for mixed mode failure is 0.079 mm, as given by the methodology in Harper and Hallet (2008) . To satisfy this condition, we choose the mesh size h = 0.075 mm so that discrete interface elements (springs) are spaced apart by 0.075 mm. To demonstrate the convergence of DDZM results upon mesh refinement, we also evaluate smaller mesh sizes h = 0.0625 mm and h = 0.03125 mm. Finally, we consider a large mesh size h = 0.125 mm to show that DDZM results tend to diverge if the mesh is too coarse.
To calibrate the model parameters, we perform the simulations for different values of P for a mode-mix ratio of = 0.5 (i.e. 50 % Mode II) and plot the crack growth rate, da/d N , versus the energy release rate ratio, G/G C , using log-log axes as shown in Fig. 11a . The parameters are calibrated by comparing with the least squares best fit line (Blanco et al. 2004 ) of the experimental data of Asp et al. (2001) . The fatigue parameters chosen for 50 % Mode II delamination are given in Table 4 . This Paris plot demonstrates the mesh independence of the DDZM results so long as the mesh size is not too coarse (i.e. h ≤ 0.075 mm). Next, for a particular value of applied load P (G/G C = 0.25), we plot the crack length versus the number of fatigue cycles in Fig. 11b . This plot demonstrates that all three meshes predict the same initial crack growth rate (initial slope of the curves); however, as the crack grows with number of cycles the predictions from h = 0.075, 0.0625, 0.03125 mm deviate. This is again a consequence of the application of a load P, instead of a moment M at the left end of the beam, as discussed earlier in Sect. 4.1.
Until now, we have calibrated the parameters C, β for three cases with mode ratio = {0, 0.5, 1.0} as given in Table 4 . Note that the damage magnifier λ = 0.5 does not change with mode-mix ratio . We now calculate values for C and β using Eqs. (27) and (28), respectively, for two mode mix ratios = {0.25, 0.75} and then verify the model results with those of Blanco et al. (2004) at room temperature. The constants c 0 , c 1 , c 2 , b 0 , b 1 , and b 2 are obtained by fitting the quadratic relations in Eqs. (27) and (28) to values of C and β for the three mode mix ratios in Table 4 . Solving for the constants gives: c 2 = −43.14, c 1 = 38.11, and c 0 = 22.48, b 2 = −13.38. b 1 = 12.57, and b 0 = 8.81. The curves of C and β versus mode ratio are shown below in Fig. 12(a) . For mode mix ratio = 0.25, the parameters are calculated as C = 5.38e12 and β = 11.12. For = 0.75, the parameters are calculated as C = 4.36e11 and β = 10.71. The results given by this method are presented on a Paris plot in Fig. 12b and show good agreement with Blanco et al. (2004) . This demonstrates the viability of using the quadratic relation to evaluate C and β for arbitrary mixed mode ratios.
Delamination at elevated temperatures
In this section, we calibrate the temperature dependence of fatigue delamination from the experimental data of Sjogren and Asp (2002) . In Fig. 13 , we plot the experimental data available at two different temperatures T = 20 • C (room temperature) and T = 100 • C for each of the three mode cases: pure mode I, pure mode II and mixed mode with = 0.5 (50 % mode II). The experimental data suggests that crack growth occurs at a faster rate at elevated temperature T = 100 • C under both pure mode I and 50 % mode II loading, as shown in Fig. 13a , c. However, 
under pure mode II loading, the crack growth rate is observed to decrease because the mechanisms of damage are different at the two temperatures. It is plausible that an increase in the ductility of epoxy resin with temperature could lead to such behavior (Khan et al. 2002) . Assuming the damage activation energy, Q = 25 kJ/mol, a reasonable fit with the experimental data is obtained for pure mode I and 50 % mode II cases, but the fit is not good for pure mode II case. This leads us to believe that the Arrhenius relation is suitable for incorporating temperature dependence so long as the main damage mechanism remains the same. Moreover, the model-predicted increase in crack growth rate under pure mode II is much smaller than that under mode I or 50 % mixed mode. This is because G IIC reduces substantially at T = 100 • C, so the applied load P of the ENF test also decreases according to Eq. (41). Furthermore, we assume that the elastic parameters of the element's force-separation law (e.g., K 0 t and δ cr t ) remain unchanged; therefore, only the static damage coefficient B(T ) is altered to satisfy the reduced energy criterion (see Sect. 3.2). However, fatigue damage coefficient C(T ) increases with temperature according to the Arrhenius relation (11). With a weaker load P, unaltered elastic behavior, smaller B and larger C, crack growth rate does not increase by much at T = 100 • C under mode II. This effect is not observed in mode I or 50 % mixed mode because the decrease in G IC is marginal, and G C ( = 0.5) actually increases at elevated temperatures. Thus, from this study it is evident that the parameter C is temperature dependent; however, more detailed experiments are required to understand the damage mechanisms in composites at various temperatures.
Conclusions
A discrete damage zone model (DDZM) for temperature dependent mixed mode delamination in composites under high-cycle fatigue loading was developed from the original model for quasi-static loading (Liu et al. 2012) , by adding fatigue and static damage components. The proposed model employs the interface element as a discrete spring placed at the finite element nodes and its constitutive law is derived entirely from damage laws, specifically, by combining Mazars law for static damage growth (Mazars 1986 ) and Peerlings law for fatigue damage growth (Peerlings et al. 2000) . The model parameters were calibrated under pure mode I, pure mode II, and 50 % mode II loadings. A quadratic relation was proposed to evaluate the parameters for other mode mix ratios (25 and 75 % mode II) and then model results were verified with the numerical results of Blanco et al. (2004) , which demonstrates the validity of the model. The advantage of the DDZM approach is that it offers a lot of flexibility for incorporating different damage models to describe interface failure behavior under different loading and environmental conditions.
Overall, the contribution of this paper is threefold: (1) it formalizes mixed-mode relations for fatigue delamination prediction for any arbitrary mode mix ratio; (2) it proposes the Arrhenius relation for the temperature dependence of fatigue damage; and (3) it presents the finite element implementation of DDZM that ensures convergence with mesh refinement. The current model would be extremely useful in studying delamination in structural components wherein curved geometries and different lamina ply orientation can result in varying mode mix ratios.
The mixed mode bending test was proposed by Reeder and Crews (1990) , shown in Fig. 14 .
A concentrated load P is applied through the rigid lever, and the forces transferred to the beam obtained from equilibrium are,
This mixed mode bending (MMB) system can be considered as the superposition of Mode I and Mode II (Reeder and Crews 1990) , as shown in Fig. 15 . Due to the y-axis symmetry of the mode II four point end notch fracture (ENF) test, it is sufficient to consider one-half of the beam as a cantilever (Robinson et al. 2005; Williams 1988) ). Now, following Eqs. (38) and (41), we can write the strain energy release rate under Mode I and Mode II as,
Substituting the above two expressions for G I and G I I into Eq. 26 we get the following relation for the mode ratio :
An alternative mixed mode test is configured as shown in Fig. 16 , which is equivalent to the MMB test shown in Fig. 14 . The forces applied on the upper and lower arm are obtained from the superposition of Mode I and Mode II, given as,
The ratio between these two applied forces is defined as ρ, written as, 
Substituting the above equation in Eq. 52 we obtain the following relationship for the force ratio ρ in terms of the mode ratio : 
Let us consider the case when δ * n < δ cr n and δ * t < δ cr t , that is, the loading condition falls within the elastic zones of the normal and tangential damage laws, respectively. Now, the strain energy release rates under Mode I and Mode II are given by,
where K 0 n and K 0 t are the undamaged normal and tangential stiffnesses of the spring element. In terms of the equivalent stiffness and separations, the total strain energy release under this mixed mode condition is given by,
Now, the mixed mode ratio is defined as,
e (δ cr e ) 2 , and
Rearranging the above two expressions we get,
and
Substituting the above relations into Eq. (55) and simplifying, we get the relation,
The above relation can be rearranged to obtain Eq. (25). Clearly, under pure Mode I conditions ( = 0), we have K 0 e = K 0 n and under pure Mode II conditions ( = 1), we have K 0 e = K 0 t .
